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Abstract The freshwater-seawater mixing zone is a critical region for chemical activity. Yet little is
known about the influence of ever present spatial heterogeneity on the dynamics of mixing and calcite
dissolution, which play a key role in the understanding of karst development. We analyze the impact of
different heterogeneity structures and strengths on the local and global response of mixing and dissolution
rates across the saltwater freshwater mixing zone. We find that the initial heterogeneity structure
significantly impacts observed dissolution and mixing patterns, which sheds some new light on karst
propagation in coastal aquifers.
1. Introduction
The mixing of freshwater and seawater in coastal carbonate formations has been long associated with zones
of high porosity development and elaborate cave networks (Back et al., 1986). The presence of caves in the
Yucatán Peninsula (Back et al., 1979, 1986; Stoessell & Schuffert, 1989) and enhanced porosity observed
from cores collected in the Bermudas Andros island (Smart et al., 1988), for example, have been directly
attributed to mixing dynamics across the salt-freshwater mixing zone. Despite this, limited accessibility to
deeper portions of the mixing zone has prevented large-scale surveys of caves, which may otherwise be avail-
able further inland. Since the topology of many karstic networks and their subsequent geomorphological
characteristics are strongly linked to their flow regimes and local geology (Jouves et al., 2017), understand-
ing the behavior of mixing and reactions under variable density flow in coastal systems under the influence
of various types of heterogeneity may offer insight into the localization of preferential calcite dissolution,
which may be particularly important during the initial stages of karst propagation.
Numerical studies have previously demonstrated that calcite dissolution across the seawater-freshwater
interface occurs dominantly across the fresher spectrum of the mixing zone where mixing waters are most
strongly undersaturated with respect to calcite (Rezaei et al., 2005; Sanford & Konikow, 1989). Moreover,
Sanford and Konikow (1989) found that dissolution takes place in fresher water then what would be expected
by simple mixing alone. Interestingly, two reactive hot spots were also observed: one in fresher portion of
the mixing zone at the toe and one in saltier portion of mixing waters at the discharge zone. These behav-
iors have been attributed to an initial-mixing effect at the toe, which gives way to the highest potential for
undersaturation and enhanced dispersive mixing at the discharge zone. While these homogeneous studies
have provided valuable insight into the interplay between transport and chemical reactions, they fall short
of explaining the maze-like conduit networks observed in real karst aquifers.
Coastal carbonate aquifers present heterogeneous discontinuities, such as fractures, dikes, and large-scale
stratification, which may induce complex salinity distributions leading to irregular patterns of enhanced
local mixing and reactive hot spots, that is, zones of enhanced reactivity. It is well known that heterogeneity
of hydraulic properties strongly controls solute spreading and mixing in porous media (Dagan, 1987; Dentz
et al., 2011; Gelhar, 1993, 2003). Heterogeneity has also been suggested as an important mechanism toward
realistic representations of mixing and offshore submarine groundwater discharge (Michael et al., 2016).
However, only few studies have addressed heterogeneity for variable density flow systems and, in particular,
for seawater intrusion problems (see, e.g., Abarca, 2006; Held et al., 2005; Kerrou & Renard, 2010; Kreyns
et al., 2020; Pool et al., 2015; Sebben et al., 2015). In general, it has been shown that heterogeneity leads
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a strong role in mixing in many subsurface groundwater problems, its impact on mixing-limited reactions
such as calcite dissolution in coastal variable density flow systems remains an open question.
In this paper, we investigate the effect of heterogeneity and connectivity on mixing and chemical reactions
across the salt-freshwater interface under steady-state conditions. We consider a fast calcite dissolution
reaction to explore karstification processes induced by mixing in coastal aquifers. Two-dimensional (2-D)
variable density flow and transport simulations are performed considering large-scale hydraulic conduc-
tivity stratification and log-normally distributed multi-Gaussian (MG) hydraulic conductivity fields. In
addition, more complex heterogeneous fields characterized by connected and disconnected patterns of high
and low conductivity are considered. We analyze the mixing and reaction dynamics by focusing on the local
and global reaction and mixing rates. Our results aim to provide insight into the role of heterogeneity in
nonuniform flow fields such as that induced by seawater intrusion.
2. Methods
We study mixing and calcite dissolution patterns under steady variable density flow in 2-D heterogeneous









where x = (x, z)⊤ is the coordinate vector, q(x) the specific discharge, K(x) hydraulic conductivity, hf (x) the
equivalent freshwater head, 𝜌(x) the fluid density, 𝜌f the density of freshwater, and ez the unit vector in z
direction. Fluid mass conservation in the absence of sources and sinks implies ∇ · 𝜌(x)q(x) = 0. The fluid
density depends on the mixing ratio c(x) between fresh and seawater and is assumed to be linearly dependent
on the salt mass fraction 𝜔(x) (mass of salt dissolved per unit mass of fluid) given by 𝜌(x) = 𝜌f [1 + 𝛽c(x, t)],
where 𝛽 is the buoyancy factor given by 𝛽 = (𝜌s − 𝜌f )∕𝜌f and 𝜌s is the density of seawater. The mixing ratio
is given by c(x) = 𝜔(x)∕𝜔s, with 𝜔(x) the salt mass fraction in the mixture and 𝜔s the salt mass fraction of
seawater. Thus, it obeys the steady-state advection-dispersion equation (Voss & Provost, 2002),




∇c(x) = 0, (2)
with D(x) the dispersion tensor (Bear, 1988), Dm the molecular diffusion, and 𝜙 the porosity.
The flow domain is 1,500 m long and 100 m wide with a prescribed freshwater flux of 250 m/a and zero
mixing ratio at the inland boundary at x = 0 and hydrostatic saltwater at the seaward boundary. The mixing
ratio and the inland boundary are set to 0, while the mass flux at the seaward boundary is set equal to the
advective flux of seawater if the horizontal component of q point inland and equal to the advective flux of
the local mixing ratio otherwise. We choose a ratio of 1∕2 between transverse and longitudinal dispersivities
(Abarca & Clement, 2009; Robinson et al., 2015). A detailed relation of the numerical setup and parameters
can be found in section 3 of the supporting information. Hydraulic conductivity K(x) is modeled as a 2-D
spatial random field. We consider MG, as well fields of connected high (Cf ) and low hydraulic conductivity
(Df ). All fields are characterized by log-normal point statistics with variances of the log hydraulic conductiv-
ity 𝜎2lnK = 1 and 3. The connected high (Cf ) and low hydraulic conductivity (Df ) serve to mimic the presence
of channels or fractures.
In order to highlight the influence of heterogeneity on mixing and reaction efficiency, we compare the
results from the heterogeneous to equivalent homogeneous scenarios. For each type of heterogeneity and
log-K variance, 10 equally probable realizations are considered. The observables presented in the following
are obtained by averaging over the set of realizations for each heterogeneity type (averaged quantities are
denoted by an overline). While we consider only a limited number of realizations due to computational con-
straints, the variability between realizations is low such that the average can be considered representative
for the heterogeneity impact on the mixing and reaction behavior. Furthermore, in order to illustrate reac-
tive patterns that may emerge in the presence of large-scale discontinuities, we consider in section 3.3 two
realizations of a stratified MG aquifer structure characterized by infinite longitudinal correlation length,
transverse correlation length of 10 m, and 𝜎2lnK = 1 and 3. Details on the model setup and parameters are
given in section 4 of the supporting information.
Figure 1a illustrates maps of the mixing ratio and velocity magnitude for homogeneous, MG, connected,
and disconnected hydraulic conductivity fields. The mixing area Am between fresh and seawater shown in
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Figure 1. Maps showing examples of (from top to bottom) the hydraulic conductivity field for the homogeneous and heterogeneous fields (𝜎2lnK = 1 ), the
mixing ratio (c), c(1 − c), and the logarithm of the velocity modulus (|v|). (b) The nondimensional average mixing area (Am) and (c) the toe position (Lt) against
their nondimensional hydraulic conductivity (Ke). The dashed lines denote the dependence of the mixing area and toe position on hydraulic conductivity for an
equivalent homogeneous medium. Mixing ratio contours displayed in the maps correspond to mixing ratios of 1%, 10%, 50%, and 95%.
Figure 1b is defined as the area comprised between the 0.95 and 0.01 isolines of the mixing ratio. The pene-
tration depth Lt of the seawater wedge shown in Figure 1c is defined as the distance of the 0.5 isoline of the
mixing ratio from the seaside boundary. Note that both these quantities are averaged across all realizations.
The mixing area and penetration depth are nondimensionalized in terms of the characteristic length scale
lc, which here is identified with the height of the domain.
In order to investigate the influence of heterogeneity on mixing and reaction efficiency, we compare the
results from the heterogeneous realizations to equivalent homogeneous media. In order to determine the
effective hydraulic conductivity of the equivalent media, a constant hydraulic head gradient is imposed
between the inland and the seaside boundaries for each heterogeneous realization, with the horizontal
boundaries defined as no-flow boundaries. The effective hydraulic conductivity Ke is given by the ratio
between the total flow rate across the seaside boundary and the average hydraulic head gradient. The effec-
tive hydraulic conductivity is nondimensionalized by the geometric mean conductivity Kg, which for all
fields under consideration is Kg = 5 · 10−4 m/s. Note that for isotropic MG fields, Kg is equal to the effec-
tive conductivity (see, e.g., Renard & de Marsily, 1997; Sanchez-Vila et al., 2006). As evidenced in Figures 1b
and 1c, Ke corresponds well to the level of connectivity of each field. As found by Zinn and Harvey (2003),
connectivity results in an increase in Ke. Furthermore, as observed for MG heterogeneous media (Abarca,
2006; Kerrou & Renard, 2010), we see in Figures 1b and 1c that both Lt and Am decrease with increasing
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heterogeneity. This can be directly linked to a decrease in Ke. For the connected fields, Ke increases with
increasing heterogeneity. In general, we see that increase or decrease in Ke directly corresponds to increase
or decrease in toe length and mixing area for both the homogeneous and heterogeneous fields.
The mixing and reaction behavior and its impact on karst propagation are studied through the process of
mixing-induced calcite dissolution. In the considered setting, we use the two representative end-members
of freshwater and seawater according to Rezaei et al. (2005). The seawater composition represents water
collected from boreholes in a coastal aquifer from Grand Cayman (Ng & Jones, 1995), while the freshwater
composition represents distilled water in equilibrium with calcite; see Table S1 for the details of the chem-
ical system. When the respective equilibria are perturbed due to mixing, the new chemical equilibrium of
the mixture is established instantaneously. This is a reasonable assumption for coastal aquifers where cal-
cite dissolution is fast relative to the residence times of water (Rezaei et al., 2005; Sanford & Konikow, 1989).
We consider the chemical system detailed in De Simoni et al. (2007) under conditions that lead to under-
saturation upon mixing and thus calcite dissolution. Note that this study does not incorporate any feedback
between chemical reactions and the flow and transport properties. The equilibrium reaction rate can then
be written in the form
r(x) = Λ(x)𝜒(x), (3)
where 𝜒(x) is the local mixing rate,





Reaction and mixing rates are nondimensionalized in the following according to r′ = rlc∕q𝑓
√
Keq, and
𝜒 ′ = 𝜒 l2c∕𝛼gq𝑓 , where 𝛼g is the geometric mean of the longitudinal and transverse dispersivities, qf is the
inland freshwater flux, and Keq is the solubility product for calcite dissolution. In the following, we omit the
primes for simplicity of notation. The mixing rate 𝜒 measures the dynamics of conservative mixing between
fresh and saltwater. The chemistry is contained in the speciation intensity 𝛬 as outlined in detail in section 2
of the supporting information. Note that the term equilibrium reaction rate may appear contradictory; how-
ever, it describes the rate of reaction due to fast chemical equilibration of two end-members upon mixing.
Therefore, it is dominated by the mixing rate 𝜒 , whose magnitude depends on both concentration gradients
and dispersion coefficients. In our analysis, we assess the average scalar dissipation rate ⟨𝜒⟩ and reaction
rate ⟨r⟩ per unit mixing area. This facilitates the intercomparison of heterogeneous fields with respect to the
corresponding homogeneous scenarios.
3. Results and Discussion
We discuss here the impact of heterogeneity on mixing and dissolution patterns and their subsequent
implications on the propagation of karsts.
3.1. Influence of Heterogeneity on Mixing Rate
Figure 2 shows the strong impact that the presence of heterogeneity has on both the mixing and reaction rate
across the interface. At the top of the transition zone, high velocities induced by the freshwater discharge
translate to strong dispersive mixing (Rezaei et al., 2005). This is reflected in𝜒 for both the homogeneous and
heterogeneous media. It can be observed that heterogeneity-induced velocity variations lead to both greater
variability and the steepening of concentration gradients resulting in enhanced mixing along the mixing
interface. As expected, since 𝜒 depends on both the presence of concentration gradients and dispersion, the
largest values are localized in high-K zones, where velocities and thus dispersion are large. Note that while
𝜒 is generally highest along the 50% mixing ratio contour, near the toe, it extends into the fresher portion of
the mixing zone. This can be attributed to enhanced interface compression that accompanies a stagnation
point (see, e.g., Hidalgo & Dentz, 2018; Ranz, 1979), which, for the seawater intrusion problem, exists at the
toe. This observation suggests that the localized hot spot at the toe is not simply the result of the previously
mentioned initial-mixing effect (Rezaei et al., 2005; Sanford & Konikow, 1989) but also due to strong flow
deformation.
As shown in Figure 2c, ⟨𝜒⟩ decreases linearly with increasing effective hydraulic conductivity for homoge-
neous media. There are two factors dominating ⟨𝜒⟩. We first observe that the presence of hetereogeneity in
general and the value of log-K variance in particular result in an increase of ⟨𝜒⟩ for all fields with respect to
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Figure 2. Examples of maps for (𝜎2lnK = 3) corresponding to (from top to bottom) the average mixing and reaction rates and the vertically integrated reaction
rate for the homogeneous, multi-Gaussian (MG), connected (Cf ), and disconnected fields (Df ). The scatter plot at the bottom shows the average
nondimensional mixing rate (⟨𝜒⟩) and nondimensional reaction rates (⟨r⟩) for their corresponding nondimensional effective hydraulic conductivities Ke.
Mixing ratio contours displayed in the maps correspond to mixing ratios of 1%, 10%, 50%, and 95%. The dashed lines denote the dependence of the mixing and
reaction rate on hydraulic conductivity for an equivalent homogeneous medium.
their homogeneous equivalent. This is most notable for the connected scenarios, for which the mixing rate
increases up to a factor of 2. Additionally, we see that Ke strongly controls the behavior of ⟨𝜒⟩ for homo-
geneous and weakly heterogeneous fields. This may be understood as follows. For high Ke, the interface
penetrates further and is flatter than for low Ke. Thus, at high Ke, there is a lower velocity contrasts between
the flowing freshwater body and the convection cell at the seaside boundary. Reduction of velocity contrast
leads to a reduction of concentration contrast, which in turn reduces the mixing rate.
3.2. Influence of Heterogeneity on the Reaction rate
In accordance with the studies of Sanford and Konikow (1989) and Rezaei et al. (2005), zones of enhanced
calcite dissolution are shown to occur near the fresher spectrum of the mixing zone (see Figure 2a). This is
once again due to the fact that the speciation intensity, which is a nonlinear function of the mixing ratio,
concentrates at the freshwater dominated part of the mixing zone. In fact, reaction hot spots may be due
to a high local speciation intensity in a moderate mixing background, or due to a high mixing rate in a
background of moderate speciation intensity. For the homogeneous scenarios, as expected, one observes two
significant reaction hot spots at the top and bottom of the mixing zone. The reaction hot spot at the top of
the aquifer coincides with the mixing hot spot, while the reaction hot spot at the toe is determined by high
speciation intensity in the presence of moderate mixing. Our simulations reveal that heterogeneity induces
highly irregular distributions of reaction rates that strongly deviate from the homogeneous case.
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Figure 3. Zoomed-in sections of the reaction field overlaid with their corresponding hydraulic conductivity field. Arrows represent flow directions whose
length is proportional to the logarithm of velocity.
This is further evidenced in Figure 2b, which shows the vertically integrated heterogeneous reaction rate
profiles compared to their respective effective homogeneous behavior. In the presence of heterogeneity, dis-
tinct reaction hot spots emerge along the interface whose density and intensity increase with increasing
heterogeneity and also with the connectivity. Thus, spatial heterogeneity broadens the spectrum of local
reaction rates toward high values compared to homogeneous media. In Figure 2d, we observe that, for
the exception of the high variance connected field, ⟨r⟩ is smaller for heterogeneous fields compared to the
respective homogeneous case. This can be understood by the increased segregation of high-K zones, where
reactions preferentially occur. In the case of the high variance connected field, an increase in ⟨r⟩ compared
to the homogeneous scenario can be attributed to the strongly enhanced mixing rates observed in Figure 2c,
which permits reactions to occur over a larger portion of the mixing zone.
While the spatial variability of reactions is strongly impacted by the presence of heterogeneity, we see that,
similar to the behavior of ⟨𝜒⟩ for homogeneous and weakly heterogeneous scenarios, Ke exerts a strong
control over ⟨r⟩, even for the higher log-K variance disconnected and MG fields. It should be reiterated
that while an increase in Ke lengthens the interface, which increases the area over which mass transfer can
occur, the velocity and concentration contrasts at the mixing interface are higher when the toe is closer to
the seaside boundary, resulting in higher averaged reaction rates per unit area.
3.3. Influence of Heterogeneity on Reactive Patterns
The type of imposed heterogeneity manifests in particular patterns of enhanced reactivity in the presence
of the nonuniform flow field. MG fields, for example, are characterized by hot spots that radiate concen-
trically, while connected field hot spots are predominantly isolated in high-K channels that are orientated
vertically, parallel to the local direction of flow. For the disconnected field, reaction patterns are qualitatively
similar to MG fields, but they also contain zones of enhanced reaction that straddle low-K channels, per-
pendicular to the local direction of flow, as can be seen in Figure 3. It is interesting to note that despite the
apparent connectivity of the imposed heterogeneous structures, zones of enhanced reactivity tend to emerge
as unconnected features. This suggests that during early stages of diagenesis, the spatial location and orien-
tation of hydraulic features during seawater intrusion may strongly control the transient evolution of caves.
It is possible however that in the presence of temporal fluctuations, the movement of the wedge back and
forth over large timescales may be the precursor to connecting these localized reactive hot spots into the
maze-like features we observe today.
Note that the connected and disconnected conductivity fields under consideration so far shed some light
onto possible dissolution patterns and pattern formation during calcite dissolution. However, they are
highly nonlinear and tortuous and do not reproduce structures similar to networks of linear fractures
typical for fractured carbonates. A different approach, similar to discrete fracture networks, is needed in
order to assess this type of situations. However, in order to get some insight into calcite dissolution in
the presence of large-scale connectivity, we consider horizontally stratified conductivity fields. We observe
that vertical changes in hydraulic conductivity cause strong velocity and concentration contrast across the
mixing interface, which manifests as narrow, elongated zones of enhanced reactivity. In Figure 4, we see
that by increasing the log-K variance, the strong concentration gradient along the low-K layers leads to
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Figure 4. Horizontally stratified hydraulic conductivity fields. From top to bottom are the log K, the mixing ratio, and reaction rate fields. The two leftmost
columns show the results for the multi-Gaussian stratified scenario for 𝜎2lnK = 1 and 3, while the two rightmost columns show the results for an aquifer whose
hydraulic conductivity is discretely layered. The third column shows the results for a K ratio of 10:1:10, while the fourth column shows the result for a K ratio
of 1:10:1.
enhanced reactions. In addition to the stratified MG fields, simulations for discrete low-high-low (1:10:1) and
high-low-high (10:1:10) further isolate these dynamics. We see that when a low-conductive material sand-
wiches a high-conductive layer, strong dissolution occurs at the base of the high-K zone, whereas strongest
dissolution is observed at the top of the stratified layer for the high-low-high K scenario. This illustrates
that reaction is enhanced when flow is directed from a low- to high-K medium, which sheds light on the
preferential development of karstic systems.
Another important point to note is that karstification is inherently a 3-D process. While our study is 2-D,
the fundamental mechanisms relating medium structure, flow heterogeneity, and mixing and dissolution
are expected to be qualitatively similar in 3-D. We expect that 3-D connectivity fields are more connected
than 2-D fields, which may quantitatively alter the flow deformation, mixing, and thus the dissolution rates.
Due to the additional spatial dimension and 3-D structure, one could expect a stronger deformation action
of the underlying flow field and thus higher mixing rates (Cirpka et al., 2015; Chiogna et al., 2015; Ye et al.,
2015a, 2015b). However, these features do not affect the basic mechanisms that lead to the localization of
dissolution hot spots based on the initial medium and flow structure.
4. Concluding Remarks
The topology of karst conduits has been strongly linked to their spatial location and the governing flow char-
acteristics (e.g., Audra & Palmer, 2015; Gabrov et al., 2014; Palmer, 1992). For example, anastomosic caves,
defined by their braided patterns, typically occur across bedding planes in the epiphreatic zone, whereas
angular mazes tend to be associated with fractured media due to seepage from overlying insoluble rocks
(Jouves et al., 2017). While near-surface features such as flank margin caves (Mylroie et al., 1990) can be
observed in many coastal carbonate environments along the salt-freshwater mixing zone, limited accessi-
bility has prevented large-scale speleological surveys of karst conduits in coastal aquifer. Consequently, no
formal characteristics exist to describe dissolution patterns at depth across the mixing zone. It is therefore
possible that many hydraulically dominant karstic features may exist outside our current ability to observe.
Our study suggests that the initial stages of karst development, also known as the laminar flow phase
(Lowe, 1992), may be a crucial period, which influences the subsequent evolution of a karstic conduit.
The importance of early-stage karst development was also investigated by Groves and Howard (1994), who
found that enlargement of conduits in coastal carbonate aquifers occurs very selectively during the lami-
nar flow regime. Geomorphological studies on phreatic karstic caves have shown that over 70% of conduits
develop along discrete bedding planes in limestones (Filipponi et al., 2009), known as “inception horizons”
(Lowe, 1992). Such features are the result of physical, lithological, and chemical deviations from the cen-
tral carbonate facies. Cave surveys have shown that inception horizons may play a strong role during the
most early stages of karst formation (Filipponi et al., 2009). In the simplest case of large-scale horizontal
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stratification, our study suggests that in coastal environments, due to the density-driven convection and
subsequent upward recirculation of flow, even simple changes in hydraulic conductivity could be very sen-
sitive to enhanced dissolution. Sanford and Konikow (1989) showed that a migrating seawater wedge in a
homogeneous media results in increased permeability, which would consequently shift the wedge further
inland. One could therefore imagine that large-scale sea level and tidal fluctuations generate elongate karstic
features that extend many kilometers inland.
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